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The BCS Energy Gap
BCS effective Hamiltonian in the grand canonical ensemble:
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where ξk = εk − µ, V is the system volume and g > 0 (coupling strength).
Suppose the ground state |Ωs〉 is characterised by a (real) macroscopic number ∆ of cooper
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So in this approximation
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where we used the anticommutator {c−k↓, c
†
−k↓} = 1.

To determine the spectrum, solve the eigenvalue problem∣∣∣∣ξk − Ek −∆
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Elementary excitations have minimum energy ∆:
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Note H can be diagonalised by a Bogoliubov-Valatin transformation and a self-consistency
equation obtained for ∆, leading to

∆(T = 0) ' 2~ωDe−1/(gN(0)) and kBTc = 2π−1eγ~ωDe−1/(gN(0))

and so the famous result

∆(T = 0)
kBTc

' πe−γ ≈ 1.764

Here N(0) is the density of states at the Fermi level, γ Euler’s constant and ωD the Debye frequency
of the material (since ωD ∝ c ∝ M−1/2, we also see the isotope effect). Refer to e.g. Tinkham [1]
for the details.
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